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Abstract

The paper is devoted to the investigation of Dirichlet averages of the
generalized Mittag-Leffler function. Representation for such constructions
in terms of the Riemann-Liouville fractional integrals and of the hyper-
geometric functions of many variables are established in two- and multi-
dimensional cases. Special cases when the above Dirichlet averages coincide
with the Mittag-Leffler function and hypergeometric functions of one and
many variables are considered.
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1. Introduction

This paper is devoted to investigation of the generalized Mittag-Leffler
function

Eγ
α,δ(z) =

∞∑

k=0

(γ)k zk

Γ(αk + δ)k!
, (1)

with complex α, δ, γ ∈ C, <(α) > 0. Here (γ)k is the Pochhammer symbol
defined for γ ∈ C and integer non-negative k ∈ N0 = N∪{0}, N = {1, 2, · · · },
by

(γ)0 = 1, (γ)k = γ(γ + 1) · · · (γ + k − 1) (k ∈ N). (2)
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Such a function, introduced by Prabhakar [15] is an entire function of z of
order [<(α)]−1. Properties of this function were investigated by Prabhaker
[15] and Kilbas et al [8], [9]. In particular, when γ = 1, (1) coincides with
the classical Mittag-Leffler function Eα,β(z), [5]:

E1
α,β(z) = Eα,β(z) =

∞∑

k=0

zk

Γ(αk + β)k!
(α, β ∈ C, <(α) > 0). (3)

This function plays an important role in the theory of fractional differ-
ential equations and its applications to diffusion problems arising in physics,
mechanics and other applied problems, for example, see [6], [7], [11], [13],
[14]. We also note that various generalizations and modifications of the
Mittag-Leffler function Eα,β(z) are arisen in fractional calculus and the the-
ory of integral transforms and special functions, see for example [12], [16].

When α = 1, (1) coincides with the Kummer hypergeometric function
1F1 (see in [4]) apart from a constant factor [Γ(δ)]−1:

Eγ
1,δ(z) =

1
Γ(δ) 1F1(γ; δ; z) =

1
Γ(δ)

∞∑

k=0

(γ)k

(δ)k

zk

k!
(γ, δ ∈ C, <(δ) > 0). (4)

Our paper is devoted to the study of the Dirichlet averages of the gen-
eralized Mittag-Leffler function (1) in the forms

Mγ
α,δ(β, β′;x, y) =

∫

E1

Eγ
α,δ(u ◦ z)dµβ,β′(u), (5)

(α, δ, γ, β, β′ ∈ C, <(α) > 0; <(β) > 0, <(β′) > 0; x, y ∈ R),

and

Mγ,α
β,δ (b1, · · · , bn; 1− z1, · · · , 1− zn) =

∫

En−1

Eγ
β,δ ((1− u ◦ z)α) dµb(u) (6)

(α, β, δ, γ ∈ C, <(β) > 0; bi, zi ∈ C, <(bi) > 0, i = 1, · · · , n),

and two of their modifications. Here En−1 is the standard simplex in
Rn−1, n ≥ 2:

En−1 = {(u1, u2, · · · , un−1) : u1 ≥ 0, · · · , un−1 ≥ 0, u1 + · · ·+ un−1 ≤ 1},
(7)

u ◦ z =
n−1∑

i=1

uizi + (1− u1 − · · · − un−1)zn, (8)
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and dµb is the so-called Dirichlet measure defined by

dµb(u) =
1

B(b)
ub1−1

1 · · ·ubn−1−1
n−1 (1− u1− · · · −un−1)bn−1du1 · · · dun−1, (9)

where
B(b) =

Γ(b1) · · ·Γ(bk)
Γ(b1 + · · ·+ bk)

(<(bj) > 0; j = 1, · · · , n), (10)

Γ(·) being the gamma function. In particular, for n = 2, dµβ,β′(u) in (5) is
given by

dµβ,β′(u) =
Γ(β + β′)
Γ(β)Γ(β′)

uβ−1(1− u)β′−1. (11)

The general Dirichlet average of a function f(z) = f(z1, · · · , zn) was
defined by Carlson [2] in the form

F (b, z) =
∫

En−1

f(u ◦ z)dµb(u), (12)

where dµb is defined by (9). For n = 1, F (b, z) = f(z). Carlson [2] investi-
gated the average (12) for f(z) = zk with any real k ∈ R in the form

Rk(b, z) =
∫

En−1

(u ◦ z)kdµb(u). (13)

In particular if n = 2, Carlson [2], [3] proved that

Rk(β, β′;x, y) =
Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0
[ux + (1− u)y]k uβ−1(1− u)β′−1du, (14)

where β, β′ ∈ C are complex numbers with positive real parts <(β) > 0,
<(β′) > 0, and x, y ∈ R.

We prove the representation for (5) and (6) in terms of the Riemann-
Liouville fractional integral of order α ∈ C, <(α) > 0, [16]:

[Iα
a+f ](x) =

1
Γ(α)

∫ x

a
(x− t)α−1f(t)dt (x > a, a ∈ R), (15)

and of the special hypergeometric function of many variables known as the
Srivastava-Daoust function [18]:

FA: B′;··· ;B(n)

C: D′;··· ;D(n)

[[(a): θ′,··· , θ(n)], [(b′): ϕ′];··· ; [(b)(n): ϕ(n)];

[(c): ψ′,··· , ψ(n)], [(d′): δ′];··· ; [(d)(n): δ(n)];

x1, · · · , xn

]
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=
∞∑

m1,··· ,mn=0

∏A
j=1(aj)m1θ′j+···+mnθ

(n)
j∏C

j=1(cj)m1ψ′j+···+mnψ
(n)
j

∏B′
j=1(b

′
j)m1ϕ′j · · ·

∏B(n)

j=1 (b(n)
j )

mnϕ
(n)
j∏D′

j=1(d
′
j)m1δ′j · · ·

∏D(n)

j=1 (d(n)
j )

mnδ
(n)
j

×xm1
1

m1!
· · · x

mn
n

mn!
. (16)

In (16) we use the following notation, generalizing the Pochhammer
symbol (2):

(γ)z =
Γ(γ + z)

Γ(γ)
(γ, z ∈ C; γ + z 6= 0,−1,−2, · · · ), (17)

and the multiple series in (16) converges absolutely for all x1, · · · , xn for
∆i > 0 or for ∆i = 0 and |zi| < %i, i = 1, · · · , n, where

∆i = 1 +
C∑

j=1

ψ
(i)
j +

D(i)∑

j=1

δ
(i)
j −

A∑

j=1

θ
(i)
j −

B(i)∑

j=1

ϕ
(i)
j (i = 1, · · · , n),

Ei = (µi)1+
PD(i)

j=1 δ
(i)
j −PB(i)

j=1 ϕ
(i)
j

∏C
j=1

( ∑n
i=1 µiψ

(i)
j

)ψ
(i)
j

∏D(i)

j=1 (δ(i)
j )δ

(i)
j

∏A
j=1

(∑n
i=1 µiθ

(i)
j

)θ
(i)
j

∏B(i)

j=1 (ϕ(i)
j )ϕ

(i)
j

,

(i = 1, · · · , n), %i = min
µ1,··· ,µn

{Ei} (i = 1, · · · , n). (18)

The idea for the above representations follows from the representation
for (14) in terms of the fractional integral (15) and of the Gauss hypergeo-
metric function 2F1(a, b; c; z).

The paper is organized as follows. In Section 2 we give representation
of (14) and (5) in terms of the Riemann-Liouville fractional integral (15).
Section 3 is devoted to special cases involving the Mittag-Lefler function
Eα,δ, the Kummer and the Gauss hypergeometric functions 1F1 and 2F1, the
generalized hypergeometric functions 2F2, the generalized Wright functions
2Ψ2 and 1Ψ1. In Section 4 we obtain the representation for the modification
of (5) in terms of special function (16) and express the special cases in terms
of the Mittag-Leffler function (3). Section 5 deals with the representation
of (6) and its modification in terms of the Srivastava-Daoust function (16).
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2. Representation of Rk and Mγ
α,β in terms of fractional integrals

In this section we deduce representations for the Dirichlet averages
Rk(β, β′; x, y) and Mγ

α,δ(β, β′; x, y) via the fractional integral (15). The first
assertion yields such a representation for the former.

Proposition 1. Let x, y be such that y > x > 0, β, β′ > 0 and k ∈ R.

Let Rk and Iβ′
0+ be given by (14) and (15), respectively. Then there hold

the following formula,

Rk(β, β′;x, y) =
Γ(β + β′)

Γ(β)
(y − x)1−β−β′ [Iβ′

0+(tβ−1(y − t)k)](y − x). (19)

P r o o f. For y > x > 0 rewrite Rk(β, β′; x, y) given by (14) in the form

Rk(β, β′; x, y) =
Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0
[y − u(y − x)]k uβ−1(1− u)β′−1du. (20)

Making the change of variables u(y − x) = t, we have

Rk(β, β′; x, y) =
Γ(β + β′)
Γ(β)Γ(β′)

(y−x)1−β−β′
∫ y−x

0
(y− t)k tβ−1(y−x− t)β′−1dt.

According to (15), this proves (19).

Let 2F1(a, b; c; z) be the Gauss hypergeometric function defined for com-
plex parameters a, b, c ∈ C (c 6= 0,−1, · · · ) by the hypergeometric series

2F1(a, b; c; z) =
∞∑

k=0

(a)k(b)k

(c)k

zk

k!
(21)

which converges absolutely for |z| < 1 and |z| = 1, <(c − a − b) > 0; for
example, see Erdélyi et al [4].

The next assertion yields the representation of Rk(β, β′; x, y) in terms
of (21).

Proposition 2. Let the condition of Proposition 1 be hold and let
|1− x

y | < 1. Then there holds the following representation

Rk(β, β′;x, y) = yk
2F1

(
−k, β; β + β′; 1− x

y

)
. (22)
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P r o o f. Taking out yk from the integrand in (20), we have

Rk(β, β′; x, y) = yk Γ(β + β′)
Γ(β)Γ(β′)

×
∫ 1

0

[(
1− u

(
1− x

y

))−(−k)

uβ−1(1− u)β′−1du

]
. (23)

According to the known integral representation for the Gauss hypergeomet-
ric function (21) (see [4]),

2F1(a, b; c; z) =
Γ(c)

Γ(a)Γ(c− a)

∫ 1

0
xb−1(1− x)c−b−1(1− zx)−adx (24)

(0 < <(b) < <(c); |arg(1− z)| < π),

(23) yields (22).

A statement similar to Proposition 1 for the Mittag-Leffler Dirichlet
average (5) is given by the following result.

Theorem 1. Let α, δ, γ, β, β′ ∈ C be complex numbers, <(α) >
0, <(β) > 0, <(β′) > 0, and let x, y ∈ R be real numbers such that x > y,

and let Mγ
α,δ and Iβ′

0+ be given by (5) and (14), respectively. Then the
Dirichlet average of Mittag-Leffler function is given by the formula

Mγ
α,δ(β, β′;x, y) =

Γ(β + β′)
Γ(β)

(x− y)1−β−β′ [Iβ′
0+(tβ−1 Eγ

α,δ(y + t))](x− y).

(25)

P r o o f. According to (5) and (1) we have

Mγ
α,δ(β, β′; x, y) =

Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0

∞∑

n=0

(γ)n

Γ(αn + δ)n!

× [ux + (1− u)y]n uβ−1(1− u)β′−1du (26)

=
Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0

∞∑

n=0

(γ)n

Γ(αn + δ)n!
[y + u(x− y)]n uβ−1(1− u)β′−1du. (27)
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Changing the orders of integration and summation (which is possible by
uniform convergence of the series in (27)), we find

Mγ
α,δ(β, β′; x, y) =

Γ(β + β′)
Γ(β)Γ(β′)

∞∑

n=0

(γ)n

Γ(αn + δ)n!

×
∫ 1

0
[y + u(x− y)]n uβ−1(1− u)β′−1du.

Changing the variable u(x− y) = t and taking (15) into account, we have

Mγ
α,δ(β, β′;x, y) =

Γ(β + β′)
Γ(β)Γ(β′)

∞∑

n=0

(γ)n

Γ(αn + δ)n!
(x− y)1−β−β′

×
∫ x−y

0
(y + t)ntβ−1(x− y − t)β′−1dt

=
Γ(β + β′)
Γ(β)Γ(β′)

(x− y)1−β−β′
∫ x−y

0
Eγ

α,δ(y + t) tβ−1(x− y − t)β′−1dt

=
Γ(β + β′)

Γ(β)
(x− y)1−β−β′ [Iβ′

0+(tβ−1Eγ
α,δ(y + t))](x− y).

This yields (25), and thus the theorem is proved.

3. Special cases

In this section we consider some particular cases of Theorem 1. Setting
α = 1 in this theorem, according to (4) we obtain the first result.

Corollary 1.1. Let the conditions of Theorem 1 be valid and α = 1.
Then

Mγ
1,δ(β, β′; x, y) =

Γ(β + β′)
Γ(β)Γ(δ)

(x− y)1−β−β′

×[Iβ′
0+(tβ−1

1F1(γ; δ; (y + t)))](x− y). (28)

Taking γ = 1 in Theorem 1 and using (3), we come to the second result.

Corollary 1.2. Let the conditions of Theorem 1 be satisfied and
γ = 1. Then

M1
α,δ(β, β′; x, y) =

Γ(β + β′)
Γ(β)

(x− y)1−β−β′ [Iβ′
0+(tβ−1Eα,δ(y + t))](x− y).

(29)
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For the next results, being special cases for y = 0 and x = 0, we need
the so-called generalized Wright hypergeometric function pΨq(z) defined for
complex ai, bj ∈ C and real Ai, Bj ∈ R (i = 1, · · · , p; j = 1, · · · , q) by the
series

pΨq

[
(b1, B1), ..., (bq, Bq)
(a1, A1), ..., (ap, Ap)

∣∣∣z
]

=
∞∑

n=0

{∏p
i=1 Γ(ai + Ain)}zn

{∏q
j=1 Γ(bj + Bjn)}n!

. (30)

This function was introduced by Wright [20] who investigated in [20] – [22]
its asymptotic behavior for large values of argument z under the condition

q∑

j=1

Bj −
p∑

i=1

Ai > −1. (31)

Properties of pΨq[z] were studied in [10]. In particular, it was proved that
pΨq[z] is an entire function of z ∈ C under condition (31).

Using (25) and (29) we obtain the following result.

Corollary 1.3. Let the conditions of Theorem 1 be valid with α > 0
and y = 0. Then

Mγ
α,δ(β, β′; x, 0) =

Γ(β + β′)
Γ(β)Γ(γ) 2Ψ2

[
(γ, 1), (β,1)
(β+β′, 1), (δ, α)

∣∣x
]

(x > 0). (32)

In particular, when β + β′ = γ,

Mγ
α,δ(β, γ − β; x, 0) =

1
Γ(β) 1Ψ1

[
(β,1)
(δ, α)

∣∣x
]

(x > 0). (33)

P r o o f. Using (26), changing the orders of integration and summation
and applying formulas of connections between the Pochhammer symbol and
the beta function with the gamma function [4]

(z)k =
Γ(z + k)

Γ(z)
(z ∈ C, k ∈ N0), B(α, β) =

Γ(α)Γ(β)
Γ(α + β)

(α, β ∈ C), (34)

we have

Mγ
α,δ(β, β′; x, 0) =

Γ(β + β′)
Γ(γ)Γ(β′)

∞∑

n=0

(γ)n xn

Γ(αn + δ)n!

∫ 1

0
un+β−1(1− u)β′−1du
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=
Γ(β + β′)
Γ(γ)Γ(β′)

∞∑

n=0

(γ)n

Γ(αn + δ)
xn

n!
Γ(n + β)Γ(β′)
Γ(n + β + β′)

=
Γ(β + β′)
Γ(β)Γ(γ)

∞∑

n=0

Γ(γ + n)
Γ(αn + δ)

xn

n!
Γ(n + β)

Γ(n + β + β′)
.

In accordance with (30) this gives (32), and (33) follows from (32).

The next result is proved similarly to Corollary 1.3.

Corollary 1.4. Let the conditions of Theorem 1 be hold with α > 0
and x = 0. Then

Mγ
α,δ(β, β′; 0, y) =

Γ(β + β′)
Γ(β′)Γ(γ) 2Ψ2

[
(γ, 1), (β′,1)
(β+β′, 1), (δ, α)

∣∣y
]

(y < 0). (35)

In particular, when β + β′ = γ,

Mγ
α,δ(β, γ − β; 0, y) =

1
Γ(β′) 1Ψ1

[
(β′,1)
(δ, α)

∣∣y
]

(y < 0). (36)

Using (32) and (35) with α = 1, we obtain the representations of Mγ
1,δ

in terms of the generalized hypergeometric function pFq(z) defined for com-
plex a1, · · · , ap, b1, · · · , bq ∈ C (bj 6= 0,−1,−2, · · · ; j = 1, · · · , q) by the
generalized hypergeometric series [4]

pFq(a1, · · · , ap; b1, · · · , bq; z) =
∞∑

k=0

(a1)k · · · (ap)k

(b1)k · · · (bq)k

zk

k!
. (37)

This series is absolutely convergent for any z ∈ C when p ≤ q.

Corollary 1.5. Let the conditions of Corollaries 1.3 and 1.4 be valid
and let α = 1. Then

Mγ
1,δ(β, β′; x, 0) =

1
Γ(δ) 2F2(γ, β; β + β′, δ;x) (x > 0), (38)

Mγ
1,δ(β, β′; 0, y) =

1
Γ(δ) 2F2(γ, β′; β + β′, δ; y) (y < 0). (39)

Setting α = γ = 1, β′ = 1 − β, from (38) and (39) we obtain the
following assertion.
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Corollary 1.6. Let the conditions of Corollary 1.5 be satisfied and
let α = 1 and β′ = 1− β. Then

M1
1,δ(β, 1− β; x, 0) =

1
Γ(δ) 1F1(β; δ; x) (x > 0), (40)

M1
1,δ(β, 1− β; 0, y) =

1
Γ(δ) 1F1(β′; δ; y) (y < 0). (41)

4. Representation for modification of Mγ,α
α,δ (β, β′; x, y) in terms of

Srivastava-Daoust function

In this section we consider the Dirichlet average, being a modification
of the one in (5), in the form

ρM
γ,α
α,δ (β, β′; x, y) =

∫

E2

(u ◦ z)ρ−1Eγ
α,β[(u ◦ z)α]dµβ,β′(u). (42)

There holds the following analogue of Theorem 1 giving representation for
(42).

Theorem 2. Let α, δ, γ, ρ, β, β′ ∈ C be complex numbers, <(α) >
0, <(β) > 0, <(β′) > 0, and let x, y ∈ R be real numbers such that x > y.
Then there holds the following relation:

ρM
γ,α
α,δ (β, β′; x, y) =

Γ(β + β′)
Γ(β)

(x− y)1−β−β′

× [Iβ′
y+ (tρ−1(t− y)β−1Eγ

α,δ(t
α))](x). (43)

P r o o f. Using (42) and (11) and changing the orders of integration
and summation, we have

ρM
γ,α
α,δ (β, β′; x, y) =

Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0
[ux + (1− u)y]ρ−1Eγ

α,δ([ux + (1− u)y]α)

×uβ−1(1− u)β′−1du

=
Γ(β + β′)
Γ(β)Γ(β′)

∞∑

n=0

(γ)n

Γ(αn + δ)n!

∫ 1

0
[y + u(x− y)]αn+ρ−1uβ−1(1− u)β′−1du.
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Making the change y + u(x− y) = t and applying again (1), we obtain

ρM
γ,α
α,δ (β, β′;x, y) =

Γ(β + β′)
Γ(β)Γ(β′)

(x− y)1−β−β′

×
∫ x

y
tρ−1(t− y)β−1Eγ

α,δ(t
α)(x− t)β′−1dt.

In accordance with (15), this yields the result in (43).

Corollary 2.1. Let the conditions of Theorem 2 be valid with γ = 1.
Then

ρM
1,α
α,δ (β, β′; x, y) =

Γ(β + β′)
Γ(β)

(x− y)1−β−β′

× [Iβ′
y+ (tρ−1(t− y)β−1E1

α,δ(t
α))](x) (x > y). (44)

Setting γ = 1, δ = β + ρ− 1 and y = 0 in Corollary 2.1, we have

Corollary 2.2. Let the conditions of Corollary 2.1 be satisfied, δ =
β + ρ− 1, and let x > 0 and y = 0. Then

ρM
1,α
α,β+ρ−1(β, β′; x, 0) =

Γ(β + β′)
Γ(β)

xρ−1Eα,β+ρ+β′−1(xα) (x > 0). (45)

In particular if β′ = 1− β, then

ρM
1,α
α,β+ρ−1(β, 1− β;x, 0) =

1
Γ(β)

xρ−1Eα,ρ(xα) (x > 0). (46)

P r o o f. Setting δ = β + ρ − 1 and y = 0 in (44), using (15) and
changing the orders of integration and summation, we have

ρM
1,α
α,β+ρ−1(β, β′;x, 0) =

Γ(β + β′)
Γ(β)

x1−β−β′ [Iβ′
y+ (tβ+ρ−1Eα,β+ρ−1(tα))](x)

=
Γ(β + β′)
Γ(β)Γ(β′)

x1−β−β′
∫ x

0
(x− t)β′−1 tβ+ρ−2

∞∑

k=0

tαk

Γ(αk + β + ρ− 1)
dt

=
Γ(β + β′)
Γ(β)Γ(β′)

x1−β−β′xβ′−1
∞∑

k=0

1
Γ(αk + β + ρ− 1)

×
∫ x

0
(1− t

x
)β′−1 tαk+β+ρ−2dt.
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Making substitution t = ux and using the second relation in (34), we find

ρM
1,α
α,β+ρ−1(β, β′; x, 0) =

Γ(β + β′)
Γ(β)

x−β
∞∑

k=0

xαk+β+ρ−1

Γ(αk + β + ρ + β′ − 1)
.

By (3), from here we deduce the result in (45). (46) follows from (45). Thus
the theorem is proved.

Corollary 2.3. Let the conditions of Corollary 2.1 be satisfied, ρ =
1, δ = β, and let x > 0 and y = 0. Then

1M
1,α
α,β(β, β′;x, 0) =

Γ(β + β′)
Γ(β)

Eα,β+β′(xα) (x > 0). (47)

In particular, if β′ = 1− β, then

1M
1,α
α,β(β, 1− β; x, 0) =

1
Γ(β)

Eα(xα) (x > 0), (48)

where

Eα(z) = Eα,1(z). (49)

The proof is similar to the proof of Corollary 2.2.

In conclusion of this section, we consider a modification of (5) in the
form

ρM
γ,α
α,δ (β, β′; x, y) =

∫

E
(u ◦ z)ρ−1 Eγ

α,β[(u ◦ z)α]dµb(u). (50)

The next statement yields the representation for (50) with ρ = δ.

Theorem 3. Let α, δ, γ, β, β′ ∈ C be complex numbers, <(α) >
0, <(β) > 0, <(β′) > 0, and let x, y ∈ R be real numbers. Then there holds
the following relation:

δM
γ,α
α,δ (β, β′; x, y) =

yδ−1

Γ(δ)
F 1: 1;1

0: 2;1

[
[1−δ:−α;1]: [γ:1]; [β:1];
−: [1−δ:−α], [δ,α]; [β+β′:1];y

α, 1− x

y

]
, (51)

where F (·) is the Srivastava-Daoust function of the form (16).

P r o o f. Using (50), changing the orders of integration and summation
and applying the integral representation (23), we have

δM
γ,α
α,δ (β, β′; x, y)
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=
Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0

∞∑

k=0

(γ)k

Γ(αk + δ)k!
[ux + (1− u)y]αk+δ−1uβ−1(1− u)β′−1du

=
Γ(β + β′)
Γ(β)Γ(β′)

∫ 1

0

∞∑

k=0

(γ)k yαk+δ−1

Γ(αk + δ)k!
[1− u(1− x

y
)]αk+δ−1uβ−1(1− u)β′−1du

=
Γ(β + β′)
Γ(β)Γ(β′)

∞∑

k=0

(γ)k yαk+δ−1

Γ(αk + δ)k!
Γ(β)Γ(β′)
Γ(β + β′) 2F1(β,−αk− δ + 1; β + β′; 1− x

y
).

Applying (21), we obtain

δM
γ,α
α,δ (β, β′; x, y) = yδ−1

∞∑

k=0

(γ)ky
αk

Γ(αk + δ)k!

∞∑

n=0

(β)n(−(αk + δ − 1))n

(β + β′)n

×
(1− x

y )n

n!
.

By (17),

(−(αk + δ− 1))n =
Γ(1−δ−αk+n)

Γ(1−δ−αk)
=

(1− δ)−αk+n

(1− δ)−αk
, Γ(αk + δ)=Γ(δ)(δ)αk,

and thus

δM
γ,α
α,δ (β, β′; x, y) =

yδ−1

Γ(δ)

∞∑

k=0

∞∑

n=0

(γ)k(β)n(1− δ)n−αk

(β + β′)n(1− δ)−αk

yαk

k!

(1− x
y )n

n!
.

From here, in accordance with (16), we obtain (51). This completes the
proof of the theorem.

5. Dirichlet average of multivariate function

In this section we consider the Dirichlet average (6) and its modification,
where z1, · · · , zn are variables and b1, · · · , bn are parameters. Our results
are based on the following preliminary assertion.

Lemma 1. Let n ∈ C, let bi, ri ∈ C be complex numbers such that
<(bi) > 0, <(ri) > −1 (i = 1, · · · , n), let En−1 be the simplex (7) and let
dµb(u) be given by (9). Then there holds the formula

∫

En−1

ur1
1 · · ·urn−1

n−1 (1− u1 − · · · − un−1)rndµb(u) =
(b1)r1 · · · (bn)rn

(b1 + · · ·+ bn)r1+···+rn

.

(52)
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In particular, if r1 = · · · = rn = 0, then∫

En−1

dµb(u) = 1. (53)

P r o o f. Using (7) and (9)-(10), we have

∫

En−1

ur1
1 · · ·urn−1

n−1 (1− u1 − · · · − un−1)rndµb(u) =
1

B(b)

∫ 1

0
ub1+r1−1

1 du1

∫ 1−u1

0
ub2+r2−1

2 du2 · · ·
∫ 1−u1−···−un−3

0
u

bn−2+rn−2−1
n−2 dun−2

×
∫ 1−u1−···−un−2

0
u

bn−1+rn−1−1
n−1 (1− u1 − · · · − un−1)bn+rn−1dun−1.

Making the change of variable un−1 = sn−1(1− u1 − · · · − un−2) in the last
inner integral and using the second relation in (34), we have

∫

En−1

ur1
1 · · ·urn−1

n−1 (1− u1 − · · · − un−1)rndµb(u) =
1

B(b)

∫ 1

0
ub1+r1−1

1 du1

×
∫ 1−u1

0
ub2+r2−1

2 · · ·
∫ 1−u1−···−un−3

0
u

bn−2+rn−2−1
n−2

×(1− u1 − · · · − un−2)bn−1+bn+rn−1+rn−1dun−2

×
∫ 1

0
s
bn−1+rn−1−1
n−1 (1− sn−1)bn+rn−1dsn−1

=
1

B(b)
Γ(bn−1 + rn−1)Γ(bn + rn)
Γ(bn−1 + bn + rn−1 + rn)

∫ 1

0
ub1+r1−1

1 du1

∫ 1−u1

0
ub2+r2−1

2

· · ·
∫ 1−u1−···−un−3

0
u

bn−2+rn−2−1
n−2 (1−u1−· · ·−un−2)bn−1+bn+rn−1+rn−1dun−2.

Continuing this process, we deduce the relation
∫

En−1

ur1
1 · · ·urn−1

n−1 (1− u1 − · · · − un−1)rndµb(u)

=
Γ(b1 + r1) · · ·Γ(bn + rn)

Γ(b1) · · ·Γ(bn)
Γ(b1 + · · ·+ bn)

Γ(b1 + r1 · · ·+ bn + rn)
.
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From here, in accordance with (17), we have the result in (52). By (2) with
k = 0, (53) clearly follows from (52).

Using Lemma 1, we obtain the representation for Mγ,α
δ,β (b1, · · · , bn; 1 −

z1, · · · , 1− zn).

Theorem 4. Let α, β, γ, δ ∈ C, <(β) > 0, <(δ) > 0, and let
bi, zi ∈ C <(bi) > 0 (i = 1, · · · , n) be complex numbers. Then there holds
the following formula

Mγ,α
δ,β (b1, · · · , bn; 1− z1, · · · , 1− zn) =

1
Γ(β)

+
γ

Γ(δ + β)

×F 1: 2;1;··· ;1
2: 2;0;··· ;0

(
[−α:−α,1,··· ,1]: [γ+1:1], [1:1]; [b1:1]; ··· ; [bn:1];
[−α:α,0,··· ,0];[b1+···+bn:0,1,··· ,1]: [δ+β:δ], [2:1];−;1, z1, · · · , zn

)
, (54)

where F (·) is the Srivastava-Daoust function of the form (16).

P r o o f. By (6) for <(β) > 0, <(δ) > 0, in accordance with (6) and
(1) we have

Mγ,α
δ,β (b1, · · · , bn; 1− z1, · · · , 1− zn)

=
∫

En−1

[ ∞∑

k=0

(γ)k(1− u ◦ z)αk

Γ(δk + β) k!

]
dµb(u)

=
∫

En−1

[ ∞∑

k=0

(γ)k(1− [
∑n−1

i=1 uizi + (1− u1 − · · · − un−1)zn])αk

Γ(δk + β) k!

]
dµb(u).

Applying the directly verified formula

(1−x1−· · ·−xn)α =
∞∑

r1,··· ,rn=0

(−α)r1+···+rn

xr1
1 · · ·xrn

n

r1! · · · rn!
(|x1+ · · ·+xn| < 1),

(55)
changing the orders of integration and summation, we find

Mγ,α
δ,β (b1, · · · , bn; 1− z1, · · · , 1− zn)

=
∫

En−1

[ ∞∑

k=0

(γ)k

Γ(δk + β) k!

∞∑

r1,··· ,rn=0

(−αk)r1+···+rn

×(u1z1)r1 · · · (un−1zn−1)rn−1 [(1− u1 − · · · − un−1)zn]rn

r1! · · · rn!

]
dµb(u)
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=
1

Γ(β)

∫

En−1

dµb(u) +
∞∑

k=1

(γ)k

Γ(δk + β) k!

∞∑

r1,··· ,rn=0

(−αk)r1+···+rn

×(z1)r1 · · · (zn)rn

r1! · · · rn!

∫

En−1

(u1)r1 · · · (un−1)rn−1 [(1− u1 − · · · − un−1)]rndµb(u).

Using (52) and (53) and taking (17) into account, we obtain

Mγ,α
δ,β (b1, · · · , bn; 1− z1, · · · , 1− zn) =

1
Γ(β)

+
∞∑

k=1

(γ)k

Γ(δk + β) k!

×
∞∑

r1,··· ,rn=0

(−αk)r1+···+rn(b1)r1 · · · (bn)rn

(b1 + · · ·+ bn)r1+···+rn

(z1)r1 · · · (zn)rn

r1! · · · rn!

=
1

Γ(β)
+

γ

Γ(β + δ)

∞∑

k=0

(γ + 1)k(1)k

(δ + β)δk(2)kk!

×
∞∑

r1,··· ,rn=0

(−αk − α)r1+···+rn(b1)r1 · · · (bn)rn

(b1 + · · ·+ bn)r1+···+rn

(z1)r1 · · · (zn)rn

r1! · · · rn!

=
1

Γ(β)
+

γ

Γ(δ + β)

∞∑

k=0

(γ + 1)k (1)k

(δ + β)δk (2)k k!

×
∞∑

r1,··· ,rn=0

(−α)−αk+r1+···+rn(b1)r1 · · · (bn)rn

(−α)−αk(b1 + · · ·+ bn)r1+···+rn

(z1)r1 · · · (zn)rn

r1! · · · rn!
.

In accordance with (16), this yields (54). Note that the Srivastava-Daoust
function in (54) exists because the last series is absolutely convergent, see
(16) and (18). This completes the proof of Theorem 4.

For the next result we need the Lauricella function defined for complex
a, b1, · · · , bn, c ∈ C and for complex z1, · · · , zn ∈ C, with |z1| < 1, · · · , |zn| <
1, by the multidimensional series [1], [4]

FD(a, b1, · · · , bn; c; z1, · · · , zn)

=
∞∑

m1,··· ,mn=0

(a)m1+···+mn(b1)m1 · · · (bn)mn

(c)m1+···+mn

z1
m1 · · · zn

mn

m1! · · ·mn!
. (56)
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Consider the following Dirichlet average

ρM
γ
δ,β(b1, · · · , bn; 1−z1, · · · , 1−zn) =

∫

En−1

(1−u◦z)ρ−1Eγ
δ,β[(1−u◦z)δ]dµb(u).

(57)
The following statement gives a representation of (57) for ρ = β in terms

of the Srivastava-Daoust function (16).

Theorem 5. Let β, γ, δ ∈ C, <(β) > 0, <(δ) > 0, and let b1, · · · , bn ∈
C be complex numbers, and let z1, · · · , zn ∈ C be complex variables. Then

βMγ
δ,β(b1, · · · , bn; 1− z1, · · · , 1− zn)

=
1

Γ(β)
F 1: 1;1;··· ;1

2: 0;0;··· ;0
(

[β;δ;0;··· ;0]: [γ:1];[b1:1];··· ;[bn:1];
[b1+···+bn:0;1;··· ;1], [β:δ;−1;··· ;−1]: −;−;··· ;−;1,−z1, · · · ,−zn

)
.

(58)

P r o o f. Using (57), applying (55) and (52), changing the orders of
integration and summation, evaluating the obtained integrals and taking
(56) into account, we have for |u1z1 + · · ·+ unzn| < 1:

βMγ
δ,β(b1, · · · , bn; 1− z1, · · · , 1− zn)

=
∫

En−1

∞∑

k=0

(γ)k(1− u ◦ z)δk+β−1

Γ(δk + β) k!
dµb(u)

=
∞∑

k=0

(γ)k

Γ(δk + β)

∞∑

r1,··· ,rn=0

(−β − kδ + 1)r1+···+rn

zr1
1 · · · zrn

n

r1! · · · rn!

×
∫

En−1

ur1
1 · · ·urn−1

n−1 (1− u1 − · · ·un−1)rndµb(u)

=
∞∑

k=0

(γ)k

Γ(δk + β)

∞∑

r1,··· ,rn=0

(−β − kδ + 1)r1+···+rn

(b1 + · · ·+ bn)r1+···+rn

(b1)r1 · · · (bn)rn

zr1
1 · · · zrn

n

r1! · · · rn!

=
∞∑

k=0

(γ)k

Γ(δk + β)k!
FD(−δk−β+1, b1, · · · , bn; b1+· · ·+bn; z1, · · · , zn), (59)

where FD is the Lauricella function (56).
Since

(−β − kδ + 1)r1+···+rn = (−1)r1+···rn(β + δk − 1) · · · (β + δk − r1 − · · · − rn)
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=(−1)r1+···+rn
Γ(β + δk)

Γ(β + δk − r1 − · · · − rn)
=(−1)r1+···+rn

(β)δk

(β)δk−r1−···−rn

,

then form (59) we have

βMγ
δ,β(b1, · · · , bn; 1− z1, · · · , 1− zn)

=
∞∑

k=0

∞∑

r1,··· ,rn=0

(γ)k(b1)r1 · · · (bn)rn

(b1 + · · ·+ bn)r1+···+rnΓ(δk + β)

× (−1)r1+···+rnΓ(δk + β)
Γ(δk + β − (r1 + · · ·+ rn))

1kzr1
1 · · · zrn

n

k!r1! · · · rn!

=
∞∑

k=0

∞∑

r1,··· ,rn=0

(γ)k(b1)r1 · · · (bn)rn(β)δk

(b1 + · · ·+ bn)r1+···+rn(β)δk−r1−···−rn

1k (−z1)r1 · · · (−zn)rn

k! r1! · · · rn!
.

According to (16), from here we arrive at (58), and thus the theorem is
proved.

Corollary 5.1. Let the conditions of Theorem 5 be satisfied and let
z1 = · · · = zn = z, |z| < 1. Then

βMγ
δ,β(b1, · · · , bn; 1− z, · · · , 1− z) = (1− z)β−1 Eγ

δ,β[(1− z)δ]. (60)

P r o o f. Taking z1 = · · · = zn = z, with |z| < 1 in (59), and using the
formula [19]:

FD(a, b1, · · · , bn; c; z, · · · , z) = 2F1(a, b1 + · · ·+ bn; c; z) (61)

and (1), we have

βMγ
δ,β(b1, · · · , bn; 1− z, · · · , 1− z)

=
∞∑

k=0

(γ)k

Γ(δk + β)k! 2F1(−δk − β + 1, b1 + · · ·+ bn; b1 + · · ·+ bn; z)

=
∞∑

k=0

(γ)k

Γ(δk + β)k! 1F0(−δk − β + 1; ; z)

=
∞∑

k=0

(γ)k

Γ(δk + β)k!
(1−z)δk+β−1

= (1−z)β−1
∞∑

k=0

(γ)k

Γ(δk + β)k!
(1−z)δk =(1−z)β−1 Eγ

δ,β[(1−z)δ].
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Finally we consider the Dirichlet average of the form

Mγ
δ,β(b1, · · · , bn; z1, · · · , zn) =

∫

En−1

Eγ
δ,β(u ◦ z)dµb(u). (62)

There holds the following result, being an analogue of Theorems 4 and
5.

Theorem 6. Let the conditions of Theorem 5 be satisfied. Then

Mγ
δ,β(b1, · · · , bn; z1, · · · , zn)

=
1

Γ(β)
F 1: 1;··· ;1

2: 0;··· ;0
(

[γ:1,··· ,1]: [b1:1]; ··· ; [bn:1];
[β:δ,··· ,δ], [b1+···+bn:1,··· ,1]: −;··· ;−;z1, · · · , zn

)
. (63)

P r o o f. By (62), (1) and (8), we have

Mγ
δ,β(b1, · · · , bn; z1, · · · , zn) =

∫

En−1

Eγ
δ,β(u ◦ z)dµb(u)

=
∫

En−1

∞∑

k=0

(γ)k(u1z1 + · · ·+ un−1zn−1 + (1− u1 − · · · − un−1)zn)k

Γ(β)(β)δk k!
dµb(u).

Applying the formula from [17]:

∞∑

k=0

f(k)(x1 + · · ·+ xn)k

k!
=

∞∑

r1,··· ,rn=0

f(r1 + · · ·+ rn)xr1
1 · · ·xrn

n

r1! · · · rn!
, (64)

we find
Mγ

δ,β(b1, · · · , bn; z1, · · · , zn)

=
∫

En−1

[
1

Γ(β)

∞∑

r1,··· ,rn=0

(γ)r1+···+rn

(β)δ(r1+···+rn)

×(z1u1)r1 · · · (zn−1un−1)rn−1 [zn(1− u1 − · · · − un−1)]rn

r1! · · · rn!

]
dµb(u)

=
1

Γ(β)
1

B(b)

∫

En−1

∞∑

r1,··· ,rn=0

(γ)r1+···+rn

(β)δ(r1+···+rn)

(z1)r1 · · · (zn)rn

r1! · · · rn!

×ur1+b1−1
1 · · ·urn−1+bn−1−1

n−1 (1− u1 − · · · − un−1)rn+bn−1du1 · · · dun−1.
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Using the same arguments as in the proof of Theorem 5 and taking (15)
into account, we have

Mγ
δ,β(b1, · · · , bn; z1, · · · , zn)

=
1

Γ(β)

∞∑

r1,··· ,rn=0

(γ)r1+···+rn

(β)δ(r1+···+rn)

(z1)r1 · · · (zn)rn

r1! · · · rn!
(b1)r1 · · · (bn)rn

(b1 + · · ·+ bn)r1+···+rn

=
1

Γ(β)
F 1: 1;··· ;1

2: 0;··· ;0

([γ:1,··· ,1]: [b1:1]; ··· ; [bn:1];

[β:δ,··· ,δ], [b1+···+bn:1,··· ,1]: −;··· ;−;

z1, · · · , zn

)
.

This yields (63), which completes the proof of the theorem.

Acknowledgements

The authors would like to thank Professor R.K. Saxena for the topic of
this paper and to Professor A.M. Mathai for the fruitful discussion of the
article. We also thank the Department of Science and Technology, Govern-
ment of India, New Delhi, for the financial assistance for this work under
project-number SR/S4/MS:287/05, the Centre for Mathematical Sciences
for providing all facilities. This is SR/S4/MS:287/05 project manuscript
No 39 of 2008 of the Centre for Mathematical Sciences. This investigation
was supported, in part, by Belarusian Fundamental Research Fund (Project
F08MC-028).

References

[1] B.C. Carlson, Lauricella’s hypergeometric function FD. J. Math. Anal.
Appl. 7 (1963), 452-470.

[2] B.C. Carlson, A connection between elementary and higher transcenden-
tal functions. SIAM J. Appl. Math. 17, No 1 (1969), 116-148.

[3] B.C. Carlson, Special Functions of Applied Mathematics. Academic
Press, New York (1977).
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