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Abstract

The paper is devoted to the investigation of Dirichlet averages of the
generalized Mittag-Leffler function. Representation for such constructions
in terms of the Riemann-Liouville fractional integrals and of the hyper-
geometric functions of many variables are established in two- and multi-
dimensional cases. Special cases when the above Dirichlet averages coincide
with the Mittag-Leffler function and hypergeometric functions of one and
many variables are considered.
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1. Introduction

This paper is devoted to investigation of the generalized Mittag-Leffler

function
k

ICESY At (1)

with complex «, 0, v € C, R(a) > 0. Here () is the Pochhammer symbol
defined for v € C and integer non-negative k € Ny = NU{0}, N = {1,2,---},
by

Mo=1L (Mk=70+1--(y+k—-1) (keN). (2)
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Such a function, introduced by Prabhakar [15] is an entire function of z of
order [R(a)]~!. Properties of this function were investigated by Prabhaker
[15] and Kilbas et al [8], [9]. In particular, when v = 1, (1) coincides with
the classical Mittag-Leffler function E, g(z), [5]:

Sk

a%@pdhmazghﬂﬁiﬁﬁ (0, B€C, R(a)>0). (3)
k=0

This function plays an important role in the theory of fractional differ-
ential equations and its applications to diffusion problems arising in physics,
mechanics and other applied problems, for example, see [6], [7], [11], [13],
[14]. We also note that various generalizations and modifications of the
Mittag-Leffler function E, g(z) are arisen in fractional calculus and the the-
ory of integral transforms and special functions, see for example [12], [16].

When a = 1, (1) coincides with the Kummer hypergeometric function
1F1 (see in [4]) apart from a constant factor [I'(§)]~!:
ﬁ@:ipmn:ii%f(mcwpmw

Our paper is devoted to the study of the Dirichlet averages of the gen-
eralized Mittag-Leffler function (1) in the forms

M 46, 85, y) = / B 5(uo 2)dpup g (u), (5)
Ey

(o, 6,7,8,8 € C, R(a) >0; R(B) >0, R(F) >0; =,y €R),

and
Myg(bi,- bnsl =21, 1= 2y) = / Ej5((1—wuoz)®) dup(u) (6)
Enfl

(a, B, 6, y€C, R(B) >0; b,z €C, R(b;)>0,i=1,---,n),

and two of their modifications. Here FE,_; is the standard simplex in
R n>2:

En1={(ui,u2, -+, up-1): ug >0, - ;up—1 >0, ug +---+up—1 <1},

(7)

n—1
uoz:Zuizi—F(l—ul—"'_Un—1>zm (8)
=1
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and duyp is the so-called Dirichlet measure defined by

1, _ _
club(U)zm W T g — e — )y - du—y, (9)

where
By - Do) T0)
L(by+---+0bg)
I'(-) being the gamma function. In particular, for n = 2, dug g (u) in (5) is
given by

(§R<bj) > 0; .7: L. 7n)a (10)

L(B+0) 5.4 1
d (U) = ————%u 1—w)? L 11
The general Dirichlet average of a function f(z) = f(z1, -+ ,2n) was

defined by Carlson [2] in the form
.2 = [ fluoduw) (12)
En_1

where dyy, is defined by (9). For n =1, F(b,z) = f(z). Carlson [2] investi-
gated the average (12) for f(z) = z* with any real k € R in the form

Ri(b,2) = / (w0 2)Fduy(w). (13)
En_1
In particular if n = 2, Carlson [2], [3] proved that
/ 1
BB, Bv) = [t [ = ol W= 0 e g

where (3, 3/ € C are complex numbers with positive real parts R(3) > 0,
R(B') >0, and z, y € R.

We prove the representation for (5) and (6) in terms of the Riemann-
Liouville fractional integral of order a € C, R(«) > 0, [16]:

1200 = gy [ @00 (@ >0 0, 03

and of the special hypergeometric function of many variables known as the
Srivastava-Daoust function [18]:

. Bl B
A BB

C: D’;--- ;D)

(@) 0, 60, [0): s [ 6
|: L1y, qp

[(€)s 9y, B, [(@): &5 (@3 60
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A B’ B™) . (n)
= i HJ 1( )m19/+ +mn9( m H] l(b, )m1<p7 o .szl (b )mn‘pE'TL)

D™
- mp=0 HJ (¢ )m17/)+ +m71/)(n) H] 1( )m1§’ " H] 1 (dgn))mn(;;n)

xll---f’?n. (16)
mq! mpy!

In (16) we use the following notation, generalizing the Pochhammer
symbol (2):

I'(y+2)
Y)z = "}’,ZG(C; ’7_‘_27&07_17_2’"'7 17
(e = = L
and the multiple series in (16) converges absolutely for all xj,--- ,x, for

A; > 0orfor A; =0 and |z] < g, ¢t =1,---,n, where

e} D® A B

j=1 j=1 j=1

J=1

)

. C n ORI OINONS
(1) @) 7 " . J
B = (1 )1+2f REIRIS SLAAL [Tm) (i i) . [I;Z ( DR .

T4, (00, mi6) s T12Y (p4) %

(i=1,---,n), 0= min {E;} (i=1,---,n). (18)
B1s shin

The idea for the above representations follows from the representation
for (14) in terms of the fractional integral (15) and of the Gauss hypergeo-
metric function o F} (a, b; ¢; 2).

The paper is organized as follows. In Section 2 we give representation
of (14) and (5) in terms of the Riemann-Liouville fractional integral (15).
Section 3 is devoted to special cases involving the Mittag-Lefler function
E, s, the Kummer and the Gauss hypergeometric functions 1/ and 2 F1, the
generalized hypergeometric functions o F», the generalized Wright functions
oWs and 1V¥4. In Section 4 we obtain the representation for the modification
of (5) in terms of special function (16) and express the special cases in terms
of the Mittag-Leffler function (3). Section 5 deals with the representation
of (6) and its modification in terms of the Srivastava-Daoust function (16).
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2. Representation of R; and Mg 3 in terms of fractional integrals

In this section we deduce representations for the Dirichlet averages
Ry(8, 3 z,y) and M (8, #'; z,y) via the fractional integral (15). The first
assertion yields such a representation for the former.

PROPOSITION 1. Let @, y be such thaty >z >0, 3, # > 0 and k € R.
Let Ry, and Ing be given by (14) and (15), respectively. Then there hold
the following formula,

I'B+5)

Ru(8.82.y) = =g - 2) B Iy — M) (y — ). (19)

Proof. Fory> x>0 rewrite Rp(8,3;x,y) given by (14) in the form

/ 1
Rkw,ﬁ';m,y):m [t -2 w0 a0

Making the change of variables u(y — ) = t, we have

Ri(B, 3 2,y) = m(y_x)lﬁﬁx /Oy_x(y—t)k tﬂ—l(y_m_t)ﬁ/th.

According to (15), this proves (19). [

Let o F1(a, b; ¢; 2) be the Gauss hypergeometric function defined for com-
plex parameters a,b,c € C (¢ #0,—1,---) by the hypergeometric series
(o.@)
oy (k) 2
2F1(a7bvcvz> _Z (C)k H

k=0
which converges absolutely for |z| < 1 and |z| = 1, R(c —a — b) > 0; for
example, see Erdélyi et al [4].

(21)

The next assertion yields the representation of Ri(3,’;2,y) in terms
of (21).

PROPOSITION 2. Let the condition of Proposition 1 be hold and let
|1 — §| < 1. Then there holds the following representation

Ri(B,82,y) =y~ o Fy <—k,ﬂ;ﬂ + 051 - 9?5) : (22)
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P r o o f. Taking out y* from the integrand in (20), we have

I8+ p)
INCHINCED)

X/ol [<1_“ (1 B §>>_(_k) WL =) (23)

According to the known integral representation for the Gauss hypergeomet-
ric function (21) (see [4]),

Ri(8, 8 7,y) =y

I'(c)

1
oF (a,byc;2) = F(a)r(c_a)/o 2711 —2) N1 — ) (24)

(0 <R(D) <R(c); |arg(l = 2)| <),
(23) yields (22). ]

A statement similar to Proposition 1 for the Mittag-Leffler Dirichlet
average (5) is given by the following result.

THEOREM 1. Let o, 8, 7, 3, 3 € C be complex numbers, R(«) >
0, ®(B) >0, R(F) > 0, and let z,y € R be real numbers such that = > y,

and let M'Ya and IO+ be given by (5) and (14), respectively. Then the
Dirichlet average of Mittag-Leffler function is given by the formula

M 5. 9) = H o =)' UG Ll + )] )
(25)
P roof. According to (5) and (1) we have
/ ﬁ + ﬁ'
M(lé(ﬂ?ﬁ y Ty ) - / )n'
x [uz + (1 —w)y]™ v (1 —u)” du (26)

o) / Flan g gty + e = o))" w7 (1 ) (21)
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Changing the orders of integration and summation (which is possible by
uniform convergence of the series in (27)), we find

.. CT(B+8) « (V)n
Mo (B 552.9) = 1 3303 nzo T(an + 0)n!

1
X /0 [y + u(z — )" «® 11 — ) du.

Changing the variable u(x — y) = t and taking (15) into account, we have

oy~ FB+B) S~ (Mn g
M8 8529 = Fgm(a) ;)Nanw)n!(”_y)l o

g /l"y(y + )"t @ —y — )7t
0
I O N i bty g1
=T Y /0 By s(y+1) t7 (a—y — )7 "t

- F(/18“(2)@(@“ — ) I T B sy + D)@ — ).

This yields (25), and thus the theorem is proved. [

3. Special cases

In this section we consider some particular cases of Theorem 1. Setting
a =1 in this theorem, according to (4) we obtain the first result.

COROLLARY 1.1. Let the conditions of Theorem 1 be valid and o = 1.

Then ) |
Mﬂd(ﬁ,ﬂ’; :E,y) = F((é)—;(ﬁ(s))(x — y)l—ﬁ—ﬁ/

(12 (71 1 Fy (v 63 (y + )@ — ). (28)

Taking v = 1 in Theorem 1 and using (3), we come to the second result.

COROLLARY 1.2. Let the conditions of Theorem 1 be satisfied and
v =1. Then

ML s(8,852,y) = W(w — ) O I (P B sy 4+ 1)) (x — ).
(29)



478 A.A. Kilbas, A. Kattuveettil

For the next results, being special cases for y = 0 and x = 0, we need
the so-called generalized Wright hypergeometric function ,¥,(z) defined for
complex a;, b; € Candreal A;, BjeR (i =1,---,p; j=1,---,q) by the
series

(b1, B1), ..., (bg, I(a; + Ain)}z"
»la [ (ai Ai) , (ap ) ] Z I'(bj + Bjn)}n!’ (30)

This function was introduced by Wright [20] who investigated in [20] — [22]
its asymptotic behavior for large values of argument z under the condition

q p
> Bi-Y Ai>-1 (31)
j=1 i=1

Properties of ,¥,[z] were studied in [10]. In particular, it was proved that
p¥ql2] is an entire function of z € C under condition (31).

Using (25) and (29) we obtain the following result.

COROLLARY 1.3. Let the conditions of Theorem 1 be valid with o« > 0
and y = 0. Then

) = r(s+p) o [(7, 1), (8,1)
T T(B)T(y) 2 2 LB+8. 1, 6 e

In particular, when 3 + 3 = 7,
M;/’(s(ﬁu Y ﬁ; z, 0) =

Ml(;(ﬁ,ﬁ’;:r,o )}m} (x > 0). (32)

1

(8,1)
g v [( a)\x] (z > 0). (33)
P roof. Using (26), changing the orders of integration and summation
and applying formulas of connections between the Pochhammer symbol and
the beta function with the gamma function [4]

(2)k = F(;(er)k) (z€C, keNy), B(a,p) = m (a, B € C), (34)
we have
/ e " 1 )
M550 = [T 3 o, -0
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ﬁ+ﬁ' = Jn 2" I(n+ B)I(F)
Fom—i—d n! T(n+ G+ )

ﬁ+ﬁ’ o~ L(y+n) 2" T(n+p)
— L'(an +9) W Tn+4+06)

In accordance with (30) this gives (32), and (33) follows from (32). [
The next result is proved similarly to Corollary 1.3.

COROLLARY 1.4. Let the conditions of Theorem 1 be hold with a > 0
and x = 0. Then

(ﬁ + 5 )
In particular, when 3 + 3 = 7,
(B’

Using (32) and (35) with o = 1, we obtain the representations of M/
in terms of the generalized hypergeometric function ,F,(z) defined for com-

plex ai,--- ,ap, by, - ,by € C (bj # 0,-1,-2,---; 7 =1,---,q) by the
generalized hypergeometric series [4]
o (a1)g - - (ap)g 2"
qu(a’lv"' aap;blv"' abq;z):Z - . (37)

= (b)) (bg)k k!

This series is absolutely convergent for any z € C when p < q.
COROLLARY 1.5. Let the conditions of Corollaries 1.3 and 1.4 be valid
and let o = 1. Then

M (8, "5 2,0) = 2Fo (7, B8+ 6, 6;2) (x> 0), (38)

1
()

M 5(8,6'50,y) = 2Foy(v, 858+ 6, 8y) (y<0). (39)

1
()

Setting « = v =1, f/ = 1 — 3, from (38) and (39) we obtain the
following assertion.
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COROLLARY 1.6. Let the conditions of Corollary 1.5 be satisfied and
let o =1and 3 =1— 3. Then

M 58,1~ B3;2,0) = 1F1(B;6;2) (x> 0), (40)

1
()

M 5(8,1—3;0,y) = 11(15) 1Fu(B58;y) (y<0). (41)

4. Representation for modification of M "¢ (3,3;x,y) in terms of
Srivastava-Daoust function

In this section we consider the Dirichlet average, being a modification
of the one in (5), in the form

pM5 (8,6 2,y) = /E (wo 2)P ' E] sl(uo 2))dpgpr(u).  (42)
2
There holds the following analogue of Theorem 1 giving representation for

(42).

THEOREM 2. Let a, 6, v, p, B, 3 € C be complex numbers, R(«) >
0, R(B) >0, R(F') >0, and let z,y € R be real numbers such that x > y.
Then there holds the following relation:

pM5 (B, ' x,y) = w(x ot
< [, (10— )P B (1)) (a). "

P roof Using (42) and (11) and changing the orders of integration
and summation, we have

CEEE) [
r(ﬁ)r(m/g[ + (1= wyl B ((ua + (1 - u)y]?)

xu (1 —u)? " du

PM;’?(ﬁa ﬁ/; xz, y) =

e}

e D el | o+ e — 11— )
0

n—O
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Making the change y + u(z — y) = t and applying again (1), we obtain

v, /. _ F(ﬁ + ﬁ,) _ o N\1=8-p
PMa’(S (/67/8 7xay) F(ﬁ)F(ﬂ’) (:C y)

« / Lt — )P B (1) (@ — 1) Lt
Yy

In accordance with (15), this yields the result in (43). [

COROLLARY 2.1. Let the conditions of Theorem 2 be valid with v = 1.
Then

Molz:?(ﬁaﬁ/;.%, y) = W(w o y)l_ﬁ_ﬁz
<[y 7 =y T EL @) @Sy, ()

Setting y =1, § =3+ p— 1 and y = 0 in Corollary 2.1, we have

COROLLARY 2.2. Let the conditions of Corollary 2.1 be satisfied, 6 =
B+p—1,and let x >0 and y = 0. Then

« / F ! — «
MG a5 850.0) = N i a(a) (2> 0 (45)

In particular if 3’ =1 — 3, then
1
17 . p— -
PMa,g—&-p—l(/B? 1- /Bax’ O) - F(ﬁ) xp lEa,P(xa) (I‘ > 0) (46)

Proof Settingd=p+p—1andy =0 in (44), using (15) and
changing the orders of integration and summation, we have

o , LB+ 1sg 5 sn )
ML a (B 852.0) = H L5 (0 By ()0)

_LYB+B) 1pep [T g1 o2 - o

R AR DI ey

1
B+p=1)

% /x(l — E)ﬁ’—l tok+B+p=2 4
0 T

_l’_

(8

_(B+p) 3) L1051 -

- T(B)T(E) 2 (ak +
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Making substitution ¢ = uz and using the second relation in (34), we find

pM‘i:g-ﬁO—l(ﬂuﬁ/;l‘, 0) = (ﬁ+ﬁ e+ ph) —p Z

k=0

pk+0+p—1
I( ak:+—ﬁ<+-p<+-ﬂ’——1)

By (3), from here we deduce the result in (45). (46) follows from (45). Thus

the theorem is proved. ]

COROLLARY 2.3. Let the conditions of Corollary 2.1 be satisfied, p =
1, § =0, and let x > 0 and y = 0. Then

L6+ p5)

M5(8,652,0) = == Bapiar(a®) (@>0) (47)
In particular, if ' =1 — (3, then
MYS(8,1— §;2,0) = F(lﬁ) Eo(z®) (2> 0), (48)
where
Ey(2) = Eq1(2). (49)

The proof is similar to the proof of Corollary 2.2.

In conclusion of this section, we consider a modification of (5) in the
form

M2 (B, 85, y) = /E (wo )t BY (o 2 )dm(u).  (50)

The next statement yields the representation for (50) with p = 4.

THEOREM 3. Let «, 4, 7, 8, ' € C be complex numbers, R(a) >
0, R(B) >0, R(B') > 0, and let x,y € R be real numbers. Then there holds
the following relation:

y671

10 11 | [1=6:—a;1]): [y:1]; [B:1]; e _ T
r() 0 2 i R

sMJ5 (B, 85w, y) = . [1-b:—a], [5,a]; [B+6":1;Y

where F(-) is the Srivastava-Daoust function of the form (16).

P roof. Using (50), changing the orders of integration and summation
and applying the integral representation (23), we have

sMY5 (8,6 %, y)
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/
ﬂ—i_ﬁ / Z T ak—i—& i [uz + (1 — w)y]** 11 (1 — w)¥ 1 du

(ﬂ + 5 1 i Oy [1—u(l- g)]ak+5_1u5_1(1 —u)? " du

0 =0 @k+6 k‘
(ﬁ+ﬁ/) i( ) ak+o-1 F(/B)F(BI) QFl(/@ —Oék—(S—Fl'ﬁ—i—ﬁ,'l_E)-
S TOTE) 2= Tk ok T3+ ) 21 By
Applying (21), we obtain
a - ad Oék‘+5—1))
M35(55$y =Y lkZ:OFOé]{—Fék?'Z ﬁ‘i’ﬁ/)
(-2
X Ty

By (17),
T(1—-6—ak+n) (1 —0)_akn
F(1—é6—ak)  (1—=0)_ar

(—(ak+d-1))p= L(ak +6)=T(9)(5)ak,

and thus
§—1 00 (1 —19) y k(L—2)"
M'Ya Yy n—ak Yy .
) aa(ﬁﬁ,$y F((S) EZO:HZ:O ,6+ﬁ/ 1_5) ak k! n!

From here, in accordance with (16), we obtain (51). This completes the
proof of the theorem. [

5. Dirichlet average of multivariate function

In this section we consider the Dirichlet average (6) and its modification,
where z1,--- , 2, are variables and by,--- ,b, are parameters. Our results
are based on the following preliminary assertion.

LEmMMA 1. Let n € C, let b;,r; € C be complex numbers such that
R(b;) >0, R(r;) > -1 (i =1,---,n), let E,_1 be the simplex (7) and let
duy(u) be given by (9). Then there holds the formula

(bl)h T (bn)rn

oot bn)r1+---+rn '
(52)

/ upt g (=g — - = up1) " dpp(u) = b
Ep_1 ( !
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In particular, ifry =--+- =1, =0, then

/ dpp(u) = 1. (53)
En_1

P r oo f. Using (7) and (9)-(10), we have

1 1
(1 — e 1) — bl+7'1*1d

1—uy b 1 1—ui——up—3 b n 1
w22 g - w2 g, g
0 2 0 n—2

1—ui——up—_2

X " bn71+7'n7171(1 _ . )bn‘i’rn*ld

Uy, _1 (75} Up—1 Up—1-
0

Making the change of variable u,—1 = sp,—1(1 —u1 — -+ — up—2) in the last
inner integral and using the second relation in (34), we have

1 1
R T 1-— — = _1)™d = / b1+r171d
/En1 Uy u, 7 (1 —w Un—1)"" dpup(u) B) Jy Uq Uy

1—uq 1—ui——up—3
% ba+ro—1 . " bn—2+rn—2—1
Uy Up_2
0 0

X(l —Up — e — un_z)bn—l+bn+rn—1+rn_1dun_2

1
bpn—1+rp—1—1 b -1
X/ Sp_1 (1 —Snfl) ntrn dsp_1
0

= 1 F(bnfl + Tnfl)r(bn + T”) /1 ub1+7“1_1dul /1u1 ub2+r2_1
Bb)T(by1+by+rm1+m) Jo * 0 2

1-ui——up—3 I 1

. / unn_—; Tn—2 (1 —uy—- _un_Q)bn_1+bn+7“n_1+rn71dun_2.
0

Continuing this process, we deduce the relation

/E upt - u (L =g = — ) " Ay ()
n—1

_F(b1+1"1)...1"(bn—|—7“n) D(by + -+ by)
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From here, in accordance with (17), we have the result in (52). By (2) with

k=0, (53) clearly follows from (52). ]
Using Lemma 1, we obtain the representation for M;’ﬂa(bl, coo byl —
21,000, 1 —2p).

THEOREM 4. Let o, B, v, § € C, R(B) > 0, R(J) > 0, and et
bi, zi € CR(b;)) >0 (i=1,---,n) be complex numbers. Then there holds
the following formula

1 v
6,8 (b17 » Uny 21, ) Z ) F(ﬁ) + F((S—}—/B)

1: 2;15-51 ([—oi—a, 1, 1]: [y+1:1], [1:1]; [b1:1]; - [bn:l];
XF2: 2:0;++ 30 ([7&20&,0,-",0];[b1+"'+bn30717""1}1: [6+3:4], [2:1];,;1721a ce ,Zn> ) (54)

where F(-) is the Srivastava-Daoust function of the form (16).

P roof By (6) for R(3) > 0, R(J) > 0, in accordance with (6) and

(1) we have
Mgba(blf" 7bn§1 — X1, 71_Z’n)

_ o~ (Mr(L —uoz)
= /EM !Z Fk(6k+ﬂ) K| ]d’“’(”)

k=0
- / i (M= [ iz + (1= w1 — - — up 1) 20])* iy (u).
Applying the directly verified formula
« . gt
(1—.73‘1—-..—;13n) = Z (_a)r1+~~~+rn ﬁ (|ZII1+—|—JJn| < 1),

1, ,rn=0
(55)
changing the orders of integration and summation, we find

Mgba(blf" 7bn;1_215”' 71_Zn)

_ (O S
_/En [ZWH Z (—ok)p) 4oopr,

1 Lk=0 yoe,rn=0

“ (ulzl)rl e (un_lzn_l)rn—l [(1 — Uy — - — un_l)zn]rn
?"1! ce Tn!

] dpp(u)
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_— N (Vk >
- m /Enl dﬂb(U) ! ; W Z (_Oé]{?)er---Jrrn

P a=0

(L) G / (u)™ o (un—1)" (1 —ug = -+ = up—1)] " dpp(w).
En_1

rilorp!

Using (52) and (53) and taking (17) into account, we obtain

1 3 (e
il :1 = — = — _
Mgﬁ (blu ybn 1 — 21, 1 Zn) F(ﬁ) + ot 1“(6]{; + ﬁ) k!

o0

Z (—ak)ri4otr, (01)ry == (bn)r, (21)™ - (20)™

X
(b1 + -+ bp)rysir, il

r1,,mn=0

1 (v + (D)
GN ﬂ+6 kz_o (6 + B)sr(2)ik!

[e.9]

X Z (—ak — )yt (1) -+ (bp)r, (22)™ -+ (20)""
e (b1 4+ bn)rytetrn ril-ory,!
1 = (y+ 1) )
Tt T 5+5 2)6+B L K
. (_O‘)fak+r1+---+rn (b1)ry = (b)), (22)70 - (20)" .

<D

P—!

(=) —ae (b1 + -+ + by )rytor, il

In accordance with (16), this yields (54). Note that the Srivastava-Daoust
function in (54) exists because the last series is absolutely convergent, see
(16) and (18). This completes the proof of Theorem 4. [

For the next result we need the Lauricella function defined for complex
a,by, - ,by,c € Cand for complex z1,- - , 2, € C, with |z1] < 1,--- ,|z,]| <
1, by the multidimensional series [1], [4]

FD(CL,bl,"',bn;C;Zl,'”,Zn)
e mi mMn
— Z (a’)m1+"'+mn(b1)m1 e (bn)mn 21 Tt Zn (56)
(c)m1+~~~+mn ml! ce mn!

m,e M=
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Consider the following Dirichlet average

p Mg (b1, bpyl=z1, o 1=zp) = /E 1(1—uoz)”_lE;’ﬁ[(1—uoz)‘s]dm)(u).
(57)

The following statement gives a representation of (57) for p = 3 in terms
of the Srivastava-Daoust function (16).

THEOREM 5. Let 3, v, 6 € C, R(8) >0, R(d) > 0, and let by,--- ,b, €
C be complex numbers, and let z1,--- ,z, € C be complex variables. Then

ﬂMgﬂ(bl) 7bn;1_21,"' 71_Zn)

Lo 1151 (8365050 50]: [y:1]3[ba:1]s5[bn:1];
= Fy 00 ( iy 1

0350 21y

[br4+4bn 015 51], [B:6;— 150 5— 1] —3—ee5—577 o ’_Z”) )
(58)

P roof. Using (57), applying (55) and (52), changing the orders of
integration and summation, evaluating the obtained integrals and taking
(56) into account, we have for |uy2z1 + -+ 4+ upz,| < 1:

ﬂMgﬂ(bl) ,bn;]_—Zl,"' 71_Zn)

-/ v el —wo )™
= (f}/)k > Z’P e Z;”Ln
=3 T B kb4 D)y, L
kZ:OF(cSk+6) m’,;no( & ikt il
X /E u? .- 'u:f:f(l —up — - Un—l)rnd,ub(u)
n—1
= (f)/)k - (_B —kd+ 1)r1+‘..+7~ z;l Ce z:;n
= [ A S— n(p e bn . —
;F(5k+5) Z (b1+"'+bTZ)T1+'~~+Tn( 1) ! ( ) L SRRy o

k=0

1, ,rpn=0
ZiﬁFD(—(Sk—ﬁ‘i‘l b, - bpibite4bpi 21,5 2n), (59)
k:O P(ék—’_ﬂ)k! M ) M ) b ) M )

where Fp is the Lauricella function (56).
Since

(=B = k6 + D)y ooy, = (=) (B4 0k — 1) -+ (B+ 0k — 11 — -+ — 1)
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o qyrietrn I'(8 + 6k) (et Bok
=(=1 F(B+0k—ri—-—1rp) =) (B)sk—r1——rn

then form (59) we have
ﬁMgﬁ(bh 7bTL7]- — Rl 717277,)
_ i i (N (01)ry -~ (bn)r,
k=071, ,rn=0 (bl +oet bn)r1+~~+7"nr(5k + ﬁ)
(=)t (5k 4+ B) 1R e
Fk+B—(ri+--+mrn)) klrl--ormp)!

o = = (’Y)k(bl)ﬁ T (bn)rn (ﬁ)ék 1k (_Zl)rl ce (_Zn)rn
B Z Z (bl +---+ bn)r1+~~-+rn (6)5]677"17---77% Kl rqleorp! '

X

k=071, ,rn=0
According to (16), from here we arrive at (58), and thus the theorem is
proved. [ ]

COROLLARY 5.1. Let the conditions of Theorem 5 be satisfied and let
21 =--+=2p =2, |2| <1. Then

Mg g1, byl =z, 1= 2) = (1 - z)8-1 EJ (1 - z)?]. (60)

Proof Taking z; =--- = 2z, = z, with |2] < 1 in (59), and using the
formula [19]:

FD(CL,bl,"' 7bn;c;za'” 7Z): 2F1(a7b1+---+bn;c;2) (61)

and (1), we have

ﬁMgﬁ(bl,,bn,l_Z,,l_Z)

— (M
=S R (C0k = B by e bsby e byi2)
22 T(5k + H)k!
- (’Y)k
=Y ————— 1 Fy(=0k—pB+1; ;2)
kzzo T(6k + B)K]

() -
T _|_kg)k;1 (1_2)6k+ﬁ 1

ot

il
o

—

1—2)5—1;:0% (1—2)% =(1-2)""" B} ,[(1-2)"].
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Finally we consider the Dirichlet average of the form

Mgfﬂ(bla ,bn;Zl’-.. ’Zn) :/E‘ Egﬁ(uoz)dlub(u) (62)
n—1

There holds the following result, being an analogue of Theorems 4 and

THEOREM 6. Let the conditions of Theorem 5 be satisfied. Then
Mgﬁ(bla 7bn;zla"' 7zn)
Lot et (el 1) [bred]s o bl
- @FZ: O30 ([6:6,~~,6L AR i R PR ’Z“) ‘ (63)

Proof By (62), (1) and (8), we have

Mgﬁ(bly e bpszr, ey 2) = /E - Egﬁ(u o z)dup(u)

Faor i T(8) (B)on

Applying the formula from [17]:

dpiy(u).

k! L)
k=0 1, ,mn=0 n

= 64
2 > )
we find

Mgg(bh'-- bni 21, 2n)

- R S e
/E‘nl [F(ﬁ) Tl,'%;:o (6)5(7"1-‘1-“--1—7‘”)
y (zrun)™ - (Zn—1Un—1)" " zn(1 —ug — -« — up—1)]™
rileory!

dp(u)

o0

(Vrygoogrn, (21) - (20)™
- (ﬂ)‘s(ﬂ-i-m—l-rn) rl-orpy!

11
- 550 s

— _1+bp—1—1 _
u;l"rbl 1 . u;n_11+ n—1 (1 —Uup — e — un_l)’l“nern ldul . 'dun_l.

n—1 1

X
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Using the same arguments as in the proof of Theorem 5 and taking (15)
into account, we have

My yb1, - bz, s 2)

1 i ((v)n+---+rn (z0)™ - (z)™  (01)ry -~ (bn)r,

ﬁ)é(rl—i-"-—&-rn) il (bl +ot bn)h-i-“'-&-?"n

I .

1 b Lt [y:l,-- 1] [b1:1]; -5 [bn:l];
- w78 o)
[8:0,+,8], [brt-bnil, 1] 55—
This yields (63), which completes the proof of the theorem. [
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